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Abstract 



We study the low-lying excitations of Type IIA superstring theory in a plane wave back- 
ground with 24 supersymmetries. In the light-cone gauge, the superstring action has 
M = (4, 4) supersymmetry and is exactly solvable, since it is quadratic in superstring 
coordinates. We obtain explicitly the spectrum of the Type IIA supergravity fluctuation 
modes in the plane wave background and give its correspondence with the spectrum of string 
states from the zero-mode sector of the light-cone superstring Hamiltonian. 
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1 Introduction 



Recently, much attention has been paid to the M theory on the maximally supersymmetric 
eleven-dimensional pp-wave background after the work by Berenstein, Maldacena and Nas- 
tase PP. The formulation of the theory has been given in the framework of Matrix model and 
the resulting Matrix model has turned out to have intriguing properties P1I2]- O ne may take 
two basic properties, which may be regarded as the sources of the other. One is the removal 
of flat directions because of the presence of bosonic mass terms and another is the time 
dependent supersymmetry making the bosons and fermions have different masses. The Ma- 
trix model with these properties shows a peculiar perturbative aspect such as the protected 
multiplet and has various kinds of non-perturbative BPS states j2]-|Hl- The discussions on 
other aspects of the model may be found in P]-[To]. 

In addition to the Matrix model description of the M theory, there is another possible 
way of studying the M theory by going down to the ten dimensional Type IIA superstring 
theory through the strong-weak duality between M and Type IIA superstring theory. In 
this approach, there is an advantage that one may use the rather well-developed machinery 
of string theory compared to that of Matrix theory. 

To obtain the IIA superstring theory from the M theory, one should pick up an isometry 
direction on which the M theory is compactified. As for the eleven-dimensional maximally 
supersymmetric pp-wave geometry, there are various spacelike isometries, along which the M 
theory can be compactified JE] ■ One choice of the compact direction leads to the following 
ten-dimensional pp-wave background [121 H3 CHj : 

8 

ds 2 = -2dx + dx~ - A(x / )(rfx + ) 2 + ^(rfa; 7 ) 2 , 

i=i 

F +123 = /i, ^+4 = -f, (1.1) 
where the quantities with bar mean that they are background and we have defined 

i=l i'=5 

It has been shown in ^21 CZ| that this background admits only 24 Killing spinors. 

The various aspects of the Type IIA Green-Schwarz (GS) superstring theory have been 
studied in [T71[THl[IHll2n]- In particular, in the light-cone gauge formulation, the Type IIA GS 
superstring action in this background has been shown to be quadratic in terms of the string 
coordinates indicating the exact solvability of the theory. Furthermore, the light-cone gauge 
superstring action has the interesting linearly-realized worldsheet supersymmetry identified 
as Af = (4,4) [T7j . The situation is similar to the Type IIB case except that the IIB 
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background is maximally supersymmetric J2*T1 12*2*] . We note that rather general discussions 
on the superstring in the pp-wave background have been given in j23]-(2Zj ■ 

Having the solvable superstring theory, it may be a natural step to investigate the 
spectrum of quantized string states and their dynamics. In this paper, we concentrate 
on the low-lying perturbative string states and study their spectrum in the field theoretic 
way. That is, we obtain the physical excitation modes of the Type IIA supergravity in the 
pp-wave background, 1)1.1)1 ■ and give their correspondence with the low-lying string states 
from the zero-mode sector of the string theory. As alluded above, the study of IIA string 
theory is motivated by a hope to understand the M theory in a controllable way. In the 
situation that we have the Matrix model as another way of studying the M theory, it may 
be expected that the low-energy perturbative study of the IIA string theory is helpful in 
uncovering the physics related to the perturbative spectrum of the Matrix model in the 
pp-wave. The work in this paper may be regarded as the first step in this direction of study. 
We note that there have been other related works for the supergravity spectrum fIE\ 129) . 

The organization of this paper is as follows. In section following Refs. ^Zj GHj, we 
review the derivation of Type IIA GS superstring action in the pp-wave background, 1)1. 1)1 . 
which is given in the light-cone gauge formulation, and then the quantization of the su- 
perstring. After the review, we give the low-lying spectrum of string states. In section 
HH we consider the fields of Type IIA supergravity in the pp-wave background and obtain 
the physical supergravity excitation modes around the background. We shall see how the 
spectrum of the supergravity modes corresponds to that of low-lying string states obtained 
in section Finally, the conclusion and discussion follow in section 0] 

2 Type IIA superstring in plane-wave background 

In this section, we review the light-cone gauge fixed Type IIA GS superstring action in the 
pp-wave background and its quantization following )T7) ITH] . 

It is very complicate to get the full expression of the GS superstring action in the 
general background (see, for example, [HOI EH])- However, in the case at hand, we can use 
the fact that eleven-dimensional pp-wave geometry can be thought as a special limit of 
AdS& x S 7 geometry on which the full supermembrane action is constructed using coset 
method [32] . The full IIA GS superstring action on this geometry can be obtained by the 
double dimensional reduction of the supermembrane action of in the Penrose limit 
|51) . The superstring action is simplified drastically in the light-cone gauge chosen as 

T + 6 = 0, X + = a'p + T, (2.1) 

where p + is the total momentum conjugate to X~ and r is the worldsheet time coordinate. 
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In this light-cone gauge, IIA string action is given by 1 



rrtLX'dnX 1 + ^(xr + ^(x*') 2 



-er-d T e + er- 9 d a e - j9v~ (V 123 + ^r 49 j e 



[2.2) 



where 

m = fia'p + (2.3) 

is a mass parameter which characterizes the masses of the worldsheet fields, and the Ma- 
jorana fermion 9 is the combination of Majorana-Weyl fermions 9 l and 9 2 with opposite 
ten dimensional 5*0(1,9) chiralities, that is, 9 = 9 1 + 9 2 . (1 (2) is for positive (negative) 
chirality.) Therefore the light-cone gauge- fixed action Slc is quadratic in bosonic as well as 
fermionic fields and thus describes a free theory much the same as in the IIB string theory 
|2*T] on the pp-wave geometry [3]. 

The characteristic feature of IIA string theory in pp-wave background is the structure of 
worldsheet supersymmetry. Sixteen spacetime supersymmetries with transformation param- 
eter e satisfying T + e = are non-linearly realized on the worldsheet action. As is typical in 
light-cone GS superstring, the remaining eight spacetime supersymmetries, combined with 
appropriate kappa transformations, turn into worldsheet (4,4) supersymmetry of Yang-Mills 
type In order to see this more clearly, we rewrite the action Slc m the 16 component 
spinor notation. We should first introduce the representation for S0(l,9) gamma matrices 
which we take as 

r° = -%a 2 <g> i 16 , r 11 = a 1 ® i 16 , r 7 = a 3 <g> 7 7 , 



r 9 = - ( T 3 ® 7 9 , v ± = ^(r°±r n ) , (2.4) 

v2 

where cr's are Pauli matrices, and the 16 x 16 unit matrix. 7 7 are the 16 x 16 sym- 
metric real gamma matrices satisfying the spin(8) Clifford algebra {7 7 ,7 J } = 25 IJ , which 
are reducible to the 8 S + 8 C representation of spin(8). We note that, since the pp-wave 
background (jl.lj) has been obtained by compactifying the eleven dimensional pp-wave along 
the x 9 direction [T2j, T 9 is the 5*0(1,9) chirality operator and 7 9 becomes 50(8) chirality 
operator, 

7 9 = 7 X ---7 8 - (2.5) 

1 rj mn is the flat worldsheet metric with m, n taking values of r, a. 
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Then, with the spinor notation 6 A = f ^ A ^ satisfying the light-cone gauge (|2.1|) 
(Superscript A denotes the S^l,^ chirality.), the action Slc becomes 



9 36 



TH Til 

-iipid+il)] - i^ld+ifji - %i\)\d_^i - ii\) 2 _d-^L + 2i— - 2i—^ 2 _j^ 

3 6 

(2.6) 

where d± = d T ± d a . Here the sign of subscript in ip± represents the eigenvalue of 7 1234 . In 
our convention, fermion has the same SO(l, 9) and SO (8) chirality measured by T 9 and 7 9 , 
respectively. 

Thus, among sixteen fermionic components in total, eight with 7 12349 = 1 have the mass 
of m/6 and the other eight with 7 12349 = — 1 the mass of m/3, which are identical with 
the masses of bosons. Therefore the theory contains two supermultiplets (X 1 , ipV) and 
(X l> , , 1 _, ip 2 } of worldsheet (4,4) supersymmetry with the masses m/3 and m/6, respectively. 

Let us now turn to the quantization of closed string in the pp-wave background ^H] and 
consider the low-lying string states constructed by acting the zero-mode creation operators 
on the vacuum which should correspond to the Type IIA supergravity excitations in the 
pp-wave background. 

We first consider the bosonic sector of the theory. The equations of motion for the 
bosonic coordinates X 1 are read off from the action ()2.6)1 as 

f n 9 m 3 n r-(j) 2 r = o, f n w'-(y) 2 x ! ' = o, (2.7) 

where the fields are subject to the periodic boundary condition, 

X / (r,a + 27r) =X i (t,ct) . (2.8) 

The solutions of the above equations are given in the form of mode expansion and found to 
be 

X\r,a) = x l cos (yr) +aV^sin (J^rj + «"y^- ^^-«0»(t, er) + <0 n (r,a)) , 
X*(r,a) = ^'cos^r) W/-sin(^T^ 

(2.9) 

where x 1 and p 1 are center-of-mass variables defined in the usual manner, coefficients for 
the zero-modes, and a T n and a* are the expansion coefficients for the non-zero modes. The 
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basis functions for the non-zero modes are given by 



<4(r, a) = e - iuJ - T - ina , (f>' n (r, a) = e - iul - T+in(T , (2.11] 



with the wave frequencies 



u n = sign(n) J (^j + n 2 , u' n = sign(n) J + n 2 . (2.12) 



a 



We note that the reality of X 1 requires that = a ! _ n and ot 1 ^ 

We promote the expansion coefficients in the mode expansions ()2.9|) to operators. By 
using the canonical equal time commutation relations for the bosonic fields, 

[X 7 (r, a), V j (t, a')] = id IJ 5(a - a') , (2.13) 

where V J = d T X J /2ira f is the canonical conjugate momentum of X J , we have the following 
commutation relations between mode operators: 

[x\p J ] = id IJ , [ok, a4] = uj ij 5 n+m , , [<', a£] = cj^'X+m.o . (2.14) 

Let us next turn to the fermionic sector of the theory. The fermionic fields are split into 
two parts according to the (4,4) supersymmetry; (-01 , and ( < 0+ ) '0-)- We first consider 
the former case. The equations of motion for and ip\ are obtained as 

d + ^ + jl^l = 0, 5_^-^7Vi = 0. (2.15) 

The non-zero mode solutions of these equations are given by using the modes, (|2.1()jl . For 
the zero mode part of the solution, we impose a condition that, at r = 0, the solution 
behaves just as that of massless case. The mode expansions for the fermionic coordinates 
are then 



V>i(r, a) = c ipo cos (^ T ) ~~ c °^o sin (y r 

+ Y] c n (4>n4>n(T, <j) - i— (uJ n - n)-f 4 ip n (p n (r, a) 

^+( r > °") = c o^o cos r J + c 7 4 ^o sin (y-r) 



+ y^ C « ( 4>n4>n(T, a) +1 — (U n -n)7 4>n4>n(r, <x) J , (2.16) 

where 7 1234 ?/> n = VVi and 7 1234 V , n = — f° r a h n ; an d c ra are the normalization constants 
given by 



Promoting the expansion coefficients to operators and using the canonical equal time anti- 
commutation relations, 

{i>£(T,a),^(T,a')} = 27ra'5 AB 6(a - a') , (2.17) 
the following anti-commutation relations between mode operators are obtained. 

{VV,VVn} = 8n+m,Q , {i>n,i>m} = <Wm,0 ■ (2.18) 

The quantization of fermionic coordinates in the other (4, 4) supermultiplet proceed 
along the same way. The equations of motion for and are respectively 

a + Vi-y7 4 ^ = 0, d^_ + ^l = 0, (2.19) 

whose solutions are found to be 

^ + (r, a) = c ip cos ^— r j + c 7 V sm ^— r j 



where 7 1234 ^ = — ^/ , j 12U ip' n = ip' n , and 



Cq = Va' , <4 



2 K - ™) 2 



(2.20) 



Then the equal time anti-commutation relations, ()2.17jl . lead us to have 

{VC ^m) = <Wm,0 , {& n , 4>' m } = <Wm,0 ■ (2.21) 

We now consider the light-cone Hamiltonian of the theory, which is written as 2 

111 



H LC = / daP- = — / doH . (2.22) 
Jo P + Jo 

The Ti, is the Hamiltonian density obtained from Eq. (|2.fij) as 



-^iWi + "V^ 2 - - • (2-23) 



2 From now on, we set 27ra' = 1 for notational convenience. 
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By plugging the mode expansions for the fields, Eqs. (|2.9|1 . (j2.16|) . and f)2.20|) . into Eq. 
(|2.22j) . the light-cone Hamiltonian becomes 

H LC = E + E + E , (2.24) 

where E is the zero mode contribution and E, E are the contributions of the non-zero 



modes: 






2ix 2 


E = 




p+ 




71 ' 


E = 






p+ . 

', 




71 ' 


E = 






p+ . 



M = ^ + ^-n^n + <^-n<) ■ (2-25) 

In the quantized version, the modes in the expression of Hamiltonian become operators 
with the commutation relations, (J2.14|) . (J2.18)) . and (J2.21|) . and should be properly normal 
ordered. For the string oscillator contributions, E and E, we place operator with negative 
mode number to the left of operator with positive mode number as in the flat case. The 
normal ordered expressions of them are then given by 

2tt °° 

E = — S^(a I _ n a I n + uj n i)_ n i) n + uj' n i)'_ n i)' n ) , 
p+ ^ 

n=l 

E = —Y,( & -nUi + "n$-n$n + u'jLj' n ). (2.26) 
y n=l 

Here we note that there is no zero-point energy because bosonic contributions are exactly 
canceled by those of fermions. 

The zero mode contribution is the Hamiltonian for the simple harmonic oscillators and 
massive fermions. For the bosonic part, we introduce the usual creation and annihilation 
operators as 



m \2ty 3/ \j m \2-k 3 

j/j. /6tt ( p 1 ' i .m _jt\ j/ /67T f p 1 .m 



a*' = W— l^-i-x" ) , (2.27) 
V m \2ti 6 J V m \2n 6 J K 1 

whose commutation relations are read as, from Eq. ([2.14)1 . 

[a 7 , a Jt ] = 5 IJ . (2.28) 

As for the fermionic creation and annihilation operators, we take the following combination 
of modes. 

1 ~ 1 

X - ^(^o -i 7Vo) , X = ~^(^o + ' 

X' f = ^o + n^o) , X' = ^'o ~ , (2.29) 



where 7 12349 X — ~X an d 7 12349 x' = x' ■ From Eqs. (j2.18j) and (j2.21j) . the anti-commutation 
relations between these operators become 

{x,X t } = l, {x',x' f } = l- (2-30) 

In terms of the operators introduced above, Eqs. ()2.27|) and ()2.29|) . the normal ordered zero 
mode contribution to the light-cone Hamiltonian is then given by 

E = ^(2aV + a*V + 2 X \ + X n x) , (2.31) 
o 

which has vanishing zero-point energy as in the case of string oscillator contributions. 

Though the string physics is described by the light-cone Hamiltonian, (j2.24j) . there is a 
constraint constraining the string states, which is the usual Virasoro constraint imposing 
the invariance under the translation in a direction. In the light-cone gauge, the Virasoro 
constraint is given by 

C d ° (" 2^ +<9ctX_ + VlQ ° Xl + l^ 9 ^+ + ^- d ^~) = ' ( 2 ' 32 ) 

The integration of the first integrand vanishes trivially since p + is constant, and the remain- 
ing parts give us the following constraint. 

N = N, (2.33) 

where N and N are defined as 

°° / 1 1 \ 

°° / 1 1 ~ \ 

N = J2 n \— & -n<+—a-nai+$-n$n + $L n ftn) • (2-34) 

The normal ordered expressions Eqs. ()2.26|) and ()2.31|) now constitute the quantum light- 
cone Hamiltonian, which implicitly defines the vacuum |0) of the quantized theory as a state 
annihilated by string oscillation operators with positive mode number, that is n > 1, and 
zero mode operators a 1 , x, and x' defined in Eqs. fl2.27|) and ()2.29j) . Actually, the vacuum 
defined in this paper, especially the vacuum state in the zero mode sector, is not unique 
but one of the possible Clifford vacua, since our theory is massive and there can be various 
definitions for the creation and annihilation operators. This is also the case for the IIB 
superstring in pp-wave background and has been discussed in [22] • However, considering 
the regularity of states at r — ► ioo that has been pointed out in j22j, our definition is a 
natural one. 

The low-lying string states are obtained by acting the fermionic and bosonic zero-mode 
creation operators on the vacuum |0) and correspond to the excitation modes of Type 
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Bosonic states 


N B 


Fermionic states 


Np 





(0,0) 


1 







1 







(0,1) 


4 


2 


(0,2) 


6 


(1,0) 


4 


3 


(1,1) 


16 


(0,3) 


4 


4 


(2,0) (0,4) 


7 


(1,2) 


24 


5 


(1,3) 


16 


(2,1) 


24 


6 


(2,2) 


36 


(3,0) (1,4) 


8 


7 


(3,1) 


16 


(2,3) 


24 


8 


(4,0) (2,4) 


7 


(3,2) 


24 


9 


(3,3) 


16 


(4,1) 


4 


10 


(4,2) 


6 


(3,4) 


4 


11 







(4,3) 


4 


12 


(4,4) 


1 









128 


128 



Table 1: Low-lying string states constructed by acting fermionic zero-mode operators on 
the vacuum; (x ) n (x ) n |0) with n,n' = 0, 1,2,3,4. The states are characterized by (n, n'). 
Nb(Nf) is the number of bosonic (fermionic) degrees of freedom, cq is the light-cone energy 
in units of /i/6, that is, E = /ze /6. 

IIA supergravity fields expanded near the plane- wave background. Among the string states, 
those constructed by using only the fermionic zero-modes, that is, (xO n (x^) n |0) with n, n' = 
0,1,2,3,4, correspond to the supergravity excitation modes with the minimal light-cone 
energies, and the string states obtained by acting the bosonic zero-modes on them are related 
to the supergravity modes with higher light-cone energies. In table ^ we list the states 
(x^) n (x'^) n '|0) according to their light-cone energy Hlc, which is simply E of Eq. (|2.31j) . 
in units of /x/6. We shall see in the next section how these string states correspond to the 
supergravity excitation modes. 

3 Supergravity excitation spectrum 

The equations of motion for the Type IIA supergravity fields expanded to linear order in 
fluctuations on the plane-wave background can be used to determine the light-cone en- 
ergy spectrum of the fluctuating fields. The equations for fluctuations in the plane-wave 
background (jl.lj) has the following typical form 

(D + iad-)ip = (3.1) 

with 

□ = -tL^ (V^g^d,,) = -2d + d_ + A{x I )& 2 _ + dl 
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where g = det g^ = — 1 and a is an arbitrary constant. In the light-cone description where 
x + is the evolution parameter of the system, the fluctuation field (p can be expressed by 
using the Fourier transformation as follows 

^(* + ,*-,*') = J ^^e i (-^ ++ ^0(x+,p + ,p I ), (3.2) 



where (p satisfies 

/ 4 n2 _ 8 _ ,,2 \ 

ip = 0. (3.3) 
From the Eq. (J3.3)) . we obtain the light-cone Hamiltonian, 



2P + P- + (P + ) 2 [ E + £ ) - p] + v 

=1 i'=5 



H = id + = = — ^ -m?E # - £ ^ j - |, (3.4) 

where mi = m 2 = §P + ■ To obtain the light-cone energy spectrum, we introduce two 
sets of creation and annihilation operators, 

a lt = -^=(P* - m a 9 p *), a 4 ee -^=(p 4 + rmd pi ), [a\ a tJ ] = 8* , (3.5) 

a l 'tEE-^=(/-m 2 ^), a^E-^^+m,^), [a*', a*'*] = 6^' . (3.6) 

Then the normal ordered expression of the light-cone Hamiltonian is given by 



a 



3^ 6 r 2 

i=l i'=l 

From this relation ()3.7|) . we see that the fluctuation field which satisfies the Eq. (13. 1J) has 
the minimal light-cone energy So defined as 

fa = M - j > ( 3 - 8 ) 

which will be used to characterize the excitation modes of the IIA supergravity in the 
pp-wave background. 

3.1 Bosonic excitations 

In the bosonic sector of the Type IIA supergravity, we have five fields, which are dilaton <3>, 
graviton g^ u , NS-NS two-form gauge field B^ u , and two R-R gauge fields and A^ up . The 
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equations of motion for these bosonic fields are, in the Einstein frame, 



V 2 $ = _l e -*fl- tf^ + L&F^Fi" + le^F^F^ , (3.9) 



V M (e^F^) = - l -e^H, pa F^° , (3.10) 



V, [e*H»"> + e^F""*) = 2 , (4!) 2 rzr g l W-- f JW--m , (3.11) 
V, (e^F^j = - — ^_ g mw F w ... w , (3.12) 

-\g, v (\e^F pa F^ + ^*F pctAk F^ 



1 1 i ~ 

2 pp v 12 ppa\ L v i 



(3.13) 



where e^ 1 '"^ 10 is the Levi-Civita symbol chosen by e + 12 "' 8 = 1, and the field strengths are 
defined as 



F 

1 pU 


= 28^4,], 




= 3d[ p B up ] , 


F 

± pupa 


= ^[p^-upa] 


F 

± pupa 


= 4d[ p A upa] 



u pa] ■ 

To obtain the linearized equations of motion for the fluctuation fields, we expand the 
fields near the pp-wave background given in Eq. (jl.ljl as follows 

$ = 0, 

9pu 9pu kpu * Rpu Rpu ^ put 

Ap A p -\- a p > F pv F pv -\- f P vi 
B P y b pv > H pvp h pupi 

■^■pup A-pvp Qpup * F pupa F pup<J -\- f P v pt ji (3.14) 

where the fields with bar denote the background fields. And we shall choose the usual 
light-cone gauge for the fluctuations, a p , b pu , a pup , h pu such as 

a_ = b-i = a,-u = h-i = 0. (3.15) 

The linearized form of the equation of motion ()3.9|) for dilaton is the following coupled 
equation 

□0 = |cL(a 4 -a 123 ). (3.16) 
11 



And the equations of motion (|3.10jl . (j3.11|) and (J3.12)) for the gauge fields have the following- 
linearized forms respectively, 

d p {l<j>F^ + r - h^'F/ - F^,h^ = -lh wa F^ , (3.17) 
3 P (hT" + a a F^ up + A a f upup + AA a A [u h pvp ^j = t. e +™w Pi f Pl ... P4 , (3.18) 
^ (hfrFWf" + fw + 4A lp h upa] - h pp 'F/ pa 

+h vu 'F u , ppu - h pp 'F/ va + h™' F^ vp \ = ^e +123,/papl>12p3 h PlP2P3 , 

(3.19) 

where the raising and lowering of the Lorentz indices are performed by the plane- wave metric 
9/iu- 

The (+),(+/), (+IJ) components of the Eqs. (j3.17jl . ()3.18j) and (jSHHj) give constraints 
implying that the modes a+, b + j and a + u are non-dynamical. We can express these non- 
dynamical modes in terms of physical modes aj, bu, dux as follows, 

a+ = Q-diai, (3.20) 
bi+ = j-djbu, (3.21) 
a IJ+ = — {d K a IJK + A + d-b u ) , (3.22) 

where A + = ^x^. 

The linearized form of Einstein equation 1)3.13)1 has rather complicated form, 

1 - f i - * , A*- ^ 

+-$F w F v p + ^F^Fr" + \ {F w f v p + f pp F u p ) 

+ 7^ IV* (/"^ + 4% Va]) + {Upax + 4A [p h paX] ) ^ p<tA ] 

- X -F pp F vp ,h pp ' - ^F^F^h"' (3.23) 



with 



\ (-V 2 /v + V p V p h pu + V u V p h pp - V p V u h p 



2 

+2R ppau h p ° + R pp h p + R^) , (3.24) 
r = T v r^ (3.25) 

where the covariant derivative V M is defined by using the background pp-wave metric g pu 
and the non-vanishing connection and curvature quantities are given by 

rj + = ±djA, r 7 ++ = ^ 7 A R +IJ+ = l -d I d J A 1 R ++ = l -d]A. (3.26) 
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The ( ) component of the Eq. (j3.23|) gives the following zero-trace condition for the 

transverse modes of the graviton 

h n = 0. (3.27) 
And the (— /) components of the Eq. (|3.23|) lead to the expressions for non-dynamical modes 
Ki, 

h +I = g-djhu. (3.28) 

Under the conditions (|3.27jl and ()3.28j) . the trace for the space-time indices of the Eq. ()3.23|) 
gives an additional condition, 

h++ = j^-ydjdjhu + ^-^-(a 4 -a 123 )- (3.29) 

Now let us consider the linearized equations for physical modes which determine the 
light-cone energy spectrum. There are four sets of decoupled modes and seven sets of 
coupled ones which we need to diagonalize to determine the light-cone energy spectrum for 
the physical modes. The linearized equation for dilaton, (4)-component of the Eq. (j3.17j) . 
(123)-component of the Eq. ()3.19j) . the trace for 50(3) indices and (44)-component of the 
Eq. ()3.23|) are coupled each other and given by 3 

□0 - |«9_a 4 + |d_ai 23 = , Da 4 + |<9_0 - |<9_/i 44 = 0, 

□«i23 - Ijp-fy + Vd-hu = , Dha - ^<9_a 4 - ^^d-a 12 3 = , 

nh u + "^_a 4 + y 9 -°123 = 0. (3.30) 

These coupled equations form 5*0(3) x 50(4) scalar multiplet. Then we obtain the following 
diagonalized equations 

□00 = , 

□02 + *y <9_0 2 = , D0 2 - ^cL02 = , 

□0 6 + 22/i<9_0 6 = , D0 6 - 2i/!<9_0 6 = 0, (3.31) 

where we define 

0o = + -ha + h 4 4 , 

4 2 4 2 

02 = + g^ 4 - -hu , 02 = - ^^4 - 2^44 , 

6 = - 4iai23 - , 06 = + 4mi23 - 2/iii . (3.32) 

According to Eqs. ()3.1|) and ()3.8j) . these equations in Eq. ()3.31|) mean that the minimal 
light-cone energies of the fields in Eq. ()3.32|) are given by 

So (0 O ) = 6 , So (0 2 ) = 4 , £ (0 2 ) = 8 , So (0 6 ) = , S (0 6 ) = 12 . (3.33) 



3 From now one, the index of the type i is taken to run from 1 to 3, while the range of i' is not changed. 
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There are two sets of SO (3) vector multiplets. One is decoupled multiplet and the other 
is coupled one. The decoupled one comes from the (i4)-components of the Eq. (|3.18|) and 
given by 

□Ah = 0, (3.34) 
where Ah = b& and their minimal light-cone energies are 

So (Am) = 6 . (3.35) 

The coupled SO (3) vector multiplets come from the (i), (ij), (4ij) and (i4)-components of 
the Eqs. lETT7|) . (EHHJ) . (ITTTTTTD and respectively and written by 

□«i - 7^d-h 4i - ^e ijk d-b jk = , + fie ijk d^a k - ^d-a^j = 0, 

□a^ + f 9_6 y + /ie^-fc* = , + f cLa, - \e iik d^ jk = . (3.36) 

These coupled equations are diagonalized as 

□#k + = , - i 2 -^dj 2l = , 

□0* + <9-/?4* = , - i^M* = , (3.37) 

where we define the diagonalized physical modes as 

i 1 i 1 

@2i = a i ~~ + -^ijkbjk + —€{j k a4j k , 02i = + i/i4i ~~ T^ijkbjk + ~^ e ijk a ijki 

i 1 z 1 

/3 4i ss a, + ,74 + -e^ - -e^fc, ft, ee a, - i/* - - -e,, fc a 4jfc , (3.38) 

whose minimal light-cone energies are given by 

£ (P 2l ) = 4 , S (fa) =8, So (Pu) = 2, So (Aw) = 10 . (3.39) 

There are two kinds of coupled multiplets in 5*0(4) vector multiplets. The (i') and 
(4i')-components of Eqs. ()3.17|) and ()3.18|) form one set of coupled equations 

Ua v - -d^h 4l , = 0, Uh Ai , + ^d_a v = 0, (3.40) 
3 3 

and the (Ai') and (i'j'A^-components of Eqs. ()3.18|) and (|3.19|) give the other set 

□i>4»' + -^ e i'j'k'i'd- a j'k'i' — 0, n\ai>j'k> + Uti'j'k'i'd-bw = 0, (3-41) 

where €i>j> k >i> are Levi-Civita symbols and we choose €5673 = 1. By introducing two sets of 
complex 5*0(4) vectors 

Ah' = a%' + ihw, Pn' = a v - ih 4i >, (3.42) 

% — % 

hi 1 = &4i' — Q^i'j'k'l'^j'k'l', fiw = &4i' + -^ e i'j'k'l' a j'k'V i (3.43) 
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we can diagonalize the Eqs. ()3.40j) and (j3.41|) as 

np lv + i^/3 u > = , np u > - i\d-hv = , (3.44) 
Ufa + ifxd-(3 3l , = , Ufa - i/id-fa = . (3.45) 

Thus we obtain the minimal light-cone energies of the diagonalized modes as 

S (M = 5 , £ (M = 7 , £ (M = 3 , £ (M = 9 . (3.46) 

The (ij') -components of the Eq. (|3.18J) and the (4ij')-components of the Eq. (j3.19|) form 
a coupled set of equations as follows, 

- ^o>_04y/ = 0, Oa^if + ^d-kf = 0. (3.47) 

By defining the complex tensors 

Piij' = hj' + iauf, Piij' = hf — ia>4if, (3.48) 
the equations in Eq. (|3.47|) are diagonalized as 

□/V + if&-/V = , np w - i^d-Pw = > ( 3 - 49 ) 
so that the minimal light- cone energies are 

£o(/V) = 5 > War) = 7 . (3.50) 

The (z'j^-components of the Eq. (j3.18|) and (4i'j')-ones of the Eq. (j3.19|) are coupled 
also and form anti-symmetric 2-form field multiplets. The coupled equations are 



Obi'f — —d-aa/ji + ^£i'j'k f i'9-a4k'i' — 0, 
3 2 



Oaa/ji + —d-bi'ji — ^eirj'k>i'd-bk>i' — 0, (3.51) 
and these are diagonalized by defining the anti-symmetric complex 2-form fields, 

PiVj' = a>i'jt — ia^j'i Pn'j' = Qj'j/ + ia-iiji, 

Pwj> = a^+ia^j,, Pwj' = <h'ji - ia^f, (3.52) 

where we used the (anti-) self-dual tensors which are irreducible tensors of the 50(4) algebra 
and defined by 

d$ji = bi'ji ± -Ci'j'k'l'bk'l', Q$ji = a ii'j' =t -^i'j'k'V^Ak'V- 

Then the equations in Eq. (j3.51|) are diagonalized by 

np 2 i>j> + i^d-p2i'j' = , Upwji - i^d-p2i'j' = , 

4u - 4/x 

Up u ,j, + i—d_[3 4i ,j, = , UPwj, - i—d-Pwj' = , (3.53) 
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thus the minimal light-cone energies are 

There is remaining one mixed multiplet. 
(ij')-ones of the Eq. ()3.23j) give 

Ociijk' + fi€ijid-hik> = 0, 

By defining the complex tensors 



SoiPwj') = 2 , SoiPwf) = 10 • ( 3 - 54 ) 
The (ij k') -components of the Eq. ()3.19|) and 

- 7;£ikid-a k if = 0. (3.55) 



03ijk' = &ijk' — itijkhkk', P3ijk> = 0"ijk' + it-ijkhkk'-, (3.56) 

we can diagonalize the equations in Eq. ()3.55|) as 

□AmjA;' + i^d-P 3ijk > = 0, n/3 3ijk i - ifid-(3 3ijk > = 0, (3.57) 
so that the minimal energies are 

£o(/W) = 3 > Wmjk') = 9 • (3.58) 

The (zj'fc')-components of the Eq. (J3.19j) are decoupled and the linearized equations and 
minimal energies are given by 

□A)ij'fc' = ' ZoiPoifk') = 6 , (3.59) 

where f3 0i j>k> = a-ij'k 1 - 

From (ij) and (i'j')-components of the Eq. (|3.23|) . we can extract two sets of traceless 
gravitons which belong to 5*0(3) and 5*0(4) graviton multiplets respectively. Then the 
equations and minimal light- cone energies are given by 

nh± = 0, nh$ jt = , Soihtj) = £o(hj f ) = 6 , (3.60) 
where we have defined 

hij = hij ~ ^ijhkk, hyp = hi>ji — -Si'fhk'k'- 
3.2 Fermionic excitations 

The fermionic fields of Type IIA supergravity are spin- 1/2 dilatino A and spin-3/2 gravitino 
each of which has real 32 components and is decomposed into two pieces of opposite 
50(1, 9) chiralities. Though it is usual to decompose the fermionic fields based on 50(1, 9) 
chiralities, it will be convenient to take a different decomposition in this paper in a way that 
the 50(3) x 50(4) symmetry structure of the pp-wave background manifests. 
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If we do not take any decomposition for a while, the equations of motion for A and ^ 
are as follows: 

+^ e -^ 2 m^,H paX - l e 3 */ 4 (^=1*1*°% + ^r 9 r^ f P(T 

+ •••, (3.61) 



\/2 



192 V v2 / 

+ i8 e ~* /2 r2r 9 r^" CTA * v - i2^ p r 9 r ,7 ^ A + V^y^y^h^ 

+ ^ e s$/4 / 2r 9 r ^^ + 4 ^p F 9^<t _ JLr^ra + • • • 
16 v v2 / 

= J" + ... , (3.62) 

where the dots on the right hand sides represent the terms of cubic in fermionic fields, 
which describe the interactions between excitations and hence are not our concern, and the 
covariant derivative for spinor is given by 4 

D, = d, + \u r ;Y rs , (3.63) 

whose explicit expression for the pp-wave background, (|1.1|) . is 

D + = d + - ^d r AY +I , £>_ = <9_ , D I = d I , (3.64) 

under the following choice of the zehnbein 

e + = dx + , e~ = dx~ + -A(x I )dx + , e 1 = dx 1 . (3.65) 

For the study of the linearized equation of motion for gravitino, we note that it is convenient 
to rewrite the Eq. ()3.62|) as 

- = J lt - l -Y,Y u r , (3.66) 

o 

where \l/ = Y^ M and we have ignored the interaction terms represented by dots in Eq. fl3.62j) . 
For the consideration of the physical modes, we should impose the gauge condition for the 
gravitino, which we take as the following light-cone gauge, 

^_ = . (3.67) 



4 The indices r, s, ... represent the flat tangent space indices. The gamma matrices T r satisfy the SO(l , 9) 
Clifford algebra, {r r , V s } = 2r/ rs , where rf s is the ten dimensional flat metric. We note that all the indices 
of gamma matrices, which are not denoted by Greek characters, are flat indices. 
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In the light-cone formulation, the fermionic fields are decomposed into the dynamical 
(physical) and non-dynamical modes explicitly by using T~} = 2r? H . For the spin- 1/2 
field, we have the decomposition, 

A = \ + r], (3.68) 

where 

A = -Vr + A, r^-Vr-A, (3.69) 
while for the spin-3/2 gravitino field, 

¥„ = V7. + Pa.> ( 3 - 7 °) 

where 

^E-Vr^, ^ = _Ir+ r -* M . (3.71) 

As we will see, T] and p M correspond to non-dynamical fields expressed in terms of the 
physical fields A and ip^ respectively. 

Having the decomposition of the fermionic fields, Eqs. ()3.68|) and (|3.70|h we first consider 
the equation of motion for the spin-1/2 field A, Eq. (|3.61j) . The linearized form of the 
equation of motion is 

r + («9+ - ^Ad^)X + r~d-r) + r 7 <9 7 (A + rj) 

= ii r + r 49 (5 - 9r 12349 )A - -^r + r J r 4 (i - r 12349 )v> 7 . (3.72) 

48 v ; 8V2 

We see that the field r\ does not have the dependence on the light-cone time x + and is 
expected to be non-dynamical. Indeed, this equation leads to the expression of r\ in terms 
of A as 

V = ^- r+r '^ A • ( 3 - 73 ) 

Taking into account this expression, the linearized equation of motion for the physical mode 
A becomes 

□a = -^r 49 (5 - 9r 12349 )9_A + ^r'r 4 (i - r 12349 )«9_^ 7 . (3.74) 

We see that the gravitino appears in the equation of motion for the dilatino, (|3.74j) . 
This lets us turn to the equation of motion for the gravitino and pick up the physical modes 
before going on further analysis for the dilatino. The explicit expressions for the 'current' 

are first needed in the light-cone gauge, ()3.67|) . Except for the light-cone component, J + , 
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we have J_ = and, for the spatial components, 



Ji = -^r+ ( v 123 (5 lj - pp')^ - ir 4S V* + ~r i9 v>4 + -^rT 4 (i - r 12349 ^ 

4 \ 3 3 2y2 / 



/' I - • / |-;'i-.2:i; , , 1 , i j 12:',!'!, 



j 4 = -^r+ r»T iM4 Vi'-— ^(i-r™)A 

4 \ 2v 2 

— L r 'r 4 (i + r 12349 )A) . (3.75) 

2y2 / 
Then the \i = — component of Eq. (|3.66|) gives 

= r+^+ + r 7 ^ 7 = , (3.76) 

which implies r + r 7 \I// = and states that is non-dynamical. For the /i = I component, 
we have 

r+(«9 + - l-Ad^j + v-d^ Pl + T J dj(^ + PI ) = Ji - lrj(r J jj + r+ j + ) , (3.77) 

with the decomposition, (|3.7U|) . and the expressions of Jj, ()3.75|1 . We would like to note 
that the term T + J + on the right hand side of Eq. (|3.77|) vanishes due to Eq. ([3.76)1 . and J + 
does not play any role in the following formulation. From (|3.77|) . we now see that the pi 
field is obviously non-dynamical, and is given in terms of ipj as 

Pi = ^-T+T J djiPj . (3.78) 

This relation leads us to the following linearized equation of motion for the physical modes 
ipf. 

□V/ - r-0_(J/ - ItjT'Jj) = . (3.79) 

o 

The remaining vector component of the gravitino is \& + , which is non-dynamical. From 
Eqs. ()3.66j) and (|3.76jl . we have 

^ + = ^-(6 IJ + T IJ )dj^ , P+ = ^-{Y + Y I d I ^ + + \v I J I ) . (3.80) 

As alluded at the beginning of this subsection, we now decompose the physical modes 
to reflect the symmetry structure 5*0(3) x SO (A) of the pp-wave background. However, 
to avoid some complexity, we are concerned only about the 50(4) structure. The case of 
50(3) will be required at later stage. Since the decomposition is performed in the transverse 
eight dimensional space and the physical mode has 16 independent spinor components, it 
is natural to use the 16 x 16 gamma matrices, 7 7 , of Eq. (|2.4j) . In addition to this, from 

our convention and the Eqs. ()3.69|1 and ()3.71j) . we make replacements A — > ( ^ ) and 
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ipi — > ( ^ ^ to specify that the physical fields have 16 components. The decomposition 
of physical fields is then 

A = A + + A~ , V/ = V>/ + ^7 (3-81) 

where the sign of superscript indicates the 5*0(4) chirality in the space spanned by x 5 , x 8 , 
that is, 7 5678 A ± = ±A ± and 7 567 >f = ±ipf. We note that 7 5678 = 7 12349 , which will be 
useful in the following formulation. 

For each 50 (4) chirality, the dilatino equation of motion, ()3.74|) . leads us to have 

(□ - ^7 49 d-)A+ - ^f^i - ^=d^i = , (3.82) 
(□ + ^7 49 ^)A- - ^Y' 4 d-^ = . (3.83) 

For the case of gravitino, we first split the vector components as ipf = , ip 4 , ip^ ) , and 
decompose the modes ipf and into the transverse and parallel parts with respect to the 
7 7 matrices as follows: 

= - ^7V)# , = • (3-84) 

From Eq. ()3.79|) , we see that the equations of motion for the transverse parts do not include 
other modes and are given by 

(□ - f 7 123 ^+ = , (□ - f 7 123 ^)fe = , 



:D + ^7 123 5.)^, = , (□ + | 7 123 5-)fe = . (3.S5) 



7 123 in these equations now requires the modes to have definite 5*0(3) structure. Since 

(7 123 ) 2 = _ i ) its eigenvalues are ±i, the 50(3) chirality. For a generic spinor 0, we 
introduce the following notation. 

9 ±i: , (3.86) 

where the first superscript represents the SO (3) chirality and the second the 50(4) chirality. 
Then the equations for the transverse modes, ([3.85)1 . become 

(□ - *|<9_)^++ = , (□ + <|S_)^ = 0, 

(□ - <^0_)v&- = , (0+^)^ = 0, 

(□ + <^a_)^ = o, (□ - i^0_)vtf = o , 

(□ + = , (□ - = , (3.87) 
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which state that, according to ([3.8)1 . the minimal light-cone energy for the respective physical 
gravitino modes are 

Wir, W) = 4 , Vfc ) = 5 , So^lt, V'l.v) = 7 , £b(V£". = 8 . (3.88) 

The equations of motion for the other physical modes of gravitino are grouped into two sets 
according to the 5*0(4) chirality. As for the positive chirality, we have 

(□ + £ i 123 d^i - f 7 1234 ^[,+ + ^=d_A+ = o , 

(□ + Y^ 23d -K + |V<9-^ 4 + + ^7 4 d-A+ = , (3.89) 



while for the negative chirality 

° " " 4\/2 



(□ + Y7 123 5-)^[f - f l 9 d„r, - ^f'd-X- = . (3.90) 

We note that the modes ip^ are not dynamical because "f^f = as can be seen from 
Eq. ()3.76p . Thus the equations of motion for them have not been considered. 

We see that the physical modes A + , ijjf, and are linked with each other through their 
equations of motion, Eqs. ()3.82j) and ()3.89|) . This is also the case for A~, ip4 , an d ifj'uT from 
Eqs. ()3.83|) and (|3.90|) . Diagonalization procedure is thus required to obtain the spectrum 
of normal excitation modes. In order to do that, it is convenient to introduce the following 
definitions: 

X ± = -V2 1 9 X ± , = iHt • (3-91) 
For the modes with positive 50(4) chirality, we then have from Eqs. (j3.82J) and (|3.89|) 

(□ - ^7 123 ^-)A+ + ^7 123 5_4 + + f 7 123 ^, + = , 

(□ _ ^d^t + ^ 7 123 a_A+ + ^ 7 123 <9_^' + = , 
4 8 8 1 

(□ + 7 -rl U3 d-)^ + ^7 123 5-A + + ^ 7 123 <M 4 + = . (3.92) 
o 11 2 3 

The diagonalization of these equations is done by defining 

xt = - 1 -\ + ~-^t + ^, 

Xt - ^A+-^+ + ^ + , 

whose equations of motion are then obtained as 

(□ - f 7 123 <9-)^ = , (□ - /, 7 123 <9-)x+ = , (□ + ^7 123 <9_)^ = . (3.94) 
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If we split the modes in a way that respects the 50(3) structure and follow the notation of 
Eq. (|3.86j) . these equations lead to 

(□-*|«9_) x ++ = o, (□ + <|a_)xr + = o, 

(□ - i^)xt + = , (□ + ifid^xs + = , 

(□ + i^S_) x ++ = 0, (□ - i^9_) X 5 + = , (3.95) 

from which we have the following minimal light-cone energy spectrum for the diagonalized 
physical modes: 

£ ( x ++) = 7, £ ( xr + ) = 5, 
£ ( x j + ) = 9, £ (X3 + ) = 6, 

g (xt + ) = l, S ( X 5 + ) = 11. (3.96) 

We now turn to the modes with negative £0(4) chirality, that is, A~, ip^ and ip'f ■ With 
the redefinitions, (JSHJ), Eqs. lET%ty and (EHIUJ) lead to 

(□ _ ^ 7 123 a_)A- + ^7 123 <9-^[f = , 

ok - ^dA- + f 7 123 9^; r = , 

(□ + ^ 7 123 9_)^'- + /i 7 123 <9_A- + % 123 dJ^ = . (3.97) 
o " 3 

The diagonalized equations of motion are obtained as 

□Xo=0, (□ - f 7 123 5-)x 2 = , (□ + f 7 123 <9-)x 4 = , (3.98) 

where the normal excitation modes are defined by 

3 „ 7 „ 
Xo = ~ J^ + V'ii" , 

U_ 3 7 _ (/ _ 
X 2 = ~2 A ~ 4^4 +^11 , 

xT = l^ + l^ + ^i ■ ( 3 -") 

After taking into account the SO (3) structure with the notation of Eq. (|3.86jh the above 
set of equations, ()3.98|1 . leads us to have 

□X + " = , Dxo " = , 

(□- 4pL) X +- = 0, (□ + i^5_) x r=0, 

(□ + A_) X +- = , (□ - i^-d_)xT = . (3.100) 
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Bosonic mode (Nd.o.f.) 


Nb 


Fermionic 


1 /AT \ 

mode {Nd. .f.) 


ATp 





0e(l) 


1 









1 







4-4- / <\ 

X^ + (4) 




4 


2 


/3«(3) fe'( 3 ) 


6 


_i / a \ 

xt (4) 




4 


3 


/M 4 ) /9 3 yik'(l2) 


16 


— -4- / A \ 

X 3 + (4) 




4 


4 


02(1) Am(3) /3 2 i'i'(3) 


7 


X 2 (4)^i 


. (8) ^+t(12) 


24 


5 


/M 4 ) Aij'(12) 


16 


\- / A \ 1 — 

Xi (4) ^ 


+ (8) ^+,(12) 


24 


6 


0o(l) /3 j(3) /3 y'fe'(18) ^(5) /i^,(9) 


36 


-1 / ^ \ — 

Xo (4) Xo 


/ A \ 

(4) 


8 


7 


/3li'(4)_/3lyv(l2) 


16 


X^ + (4) 


-4- / n \ 1 / -i r\\ 

+ (8) V±i/(12) 


24 


8 


^2(1) /%(3) Amy ( 3 ) 


7 


Xa (4)Vi 


i (8) W(12) 


24 


9 


A$i'(4) ^3ijfc'(12) 


16 


4-4- / 4 \ 

X3 ( 4 ) 




4 


10 


Ali(3) (3u'j'{o) 


6 


XT (4) 




4 


11 







X 5 " + (4) 




4 


12 


06(1) 


1 











128 


128 



Table 2: Type IIA supergravity excitation modes. Nd.o.f means the number of degrees of 
freedom. Nb (Np) is the number of bosonic (fermionic) degrees of freedom at each light-cone 
energy. 

According to Eq. ([3.8)1 . we then have the minimal light-cone energy for the modes as 

£o(Xo ~) = 6 , £ (Xo ~) = 6 , 
£ (xt) = 8 , £ (X2~) = 4 , 

£ (xD = 2 , £ (xr) = 10 • (3.101) 

4 Conclusion and discussion 

We have obtained the Type IIA supergravity excitation modes and their spectrum in the 
pp-wave background, which are summarized in table 121 The supergravity modes have been 
arranged such that they respect the £0(3) x SO (4) symmetry structure of the background. 
We see that there is mismatch between the bosonic and fermionic degrees of freedom at each 
light-cone energy, basically due to the fact that the supersymmetry preserved by the pp- 
wave background is time-dependent. (More precisely, 16 among 24 supersymmetries depend 
on the light-cone time x + [T7j.) 

The result we have obtained shows how the low-lying string states listed in table Q 
correspond to the supergravity modes of table El This implies that we can associate the 
vertex operator for a certain low-lying string state to a definite supergravity excitation mode 
in the pp-wave background. It may be expected that the study of string amplitudes with 
such vertex operators gives useful insight into the structure of the M theory in the maximally 
supersymmetric eleven- dimensional pp-wave background. 
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Concerning the eleven dimensional origin of the ten dimensional supergravity excitation 
spectrum, it would be interesting to uncover the structure of the spectrum obtained in this 
paper. The eleven dimensional perturbative spectrum from the Matrix model in the eleven 
dimensional pp-wave background has intriguing features such as the protected multiplet 
and the indication of the presence of the transverse five-brane [7J HJ5] • Since the Type IIA 
supergravity inherits most of its features through the dimensional reduction, the structure 
in eleven dimensions would be encoded in the spectrum of ten dimensional supergravity. 
Thus the eleven dimensional perturbative spectrum would lead us to have the deeper un- 
derstanding of the ten dimensional spectrum. What we would get from the physics related 
to the transverse five-brane is particularly interesting. We hope to return to this issue in 
the near future [36J. 
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